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Abstract-Mechanical stress wave propagation in a long, thin, isotropic, elastic rod containing a single
transverse edge crack is studied theoretically and experimentally. It is found that one-dimensional wave
theories, coupled with an effective "compliance" of the cracked region, predict reasonably well the
observed dynamic strains induced by a longitudinal impact. Remote sensing of relatively deep cracks
appears feasible and consequently the procedure may be useful clinically for determining the rate of healing
of partially cracked bone.

1. INTRODUCTION

The nondestructive detection of flaws and cracks in materials is a subject of continuing interest
to segments of the engineering community. The present study, however, was prompted by the
suggestion that mechanical wave propagation techniques may be useful as a clinical procedure
for determining the rate of healing of a partially cracked bone. Apparently, analyses of X-ray
photographs, patient discomfort, and other clinical factors often lead to an inconclusive
diagnosis regarding the extent of healing at a fracture site, and an independent procedure for
determining the mechanical strength of the fracture site would be desirable. In this connection,
ultrasonic methods have met with only limited success, according to Saha and Pelker[l].

In the bioengineering literature, some work has been reported on the use of stress waves to
determine mechanical integrity of bone. Saha and Pelker [1] describe results of tests in which
strain gages mounted on embalmed human femurs recorded the passage of impact-generated
stress pulses. Buturla and Pope [2] used a two-dimensional finite-element wave propagation
model to predict "wave propagation velocities", and found that mathematically simulated
fractures had a small effect upon the time of transit of transverse waves through the fracture
zone. They reported some correlation between their results and some non-invasive in vivo tests
on human tibia.

Recently, Lewis [3] has used a mechanical model of a fractured bone to investigate the
feasibility of a clinical procedure involving the excitation and detection of flexural waves in a
bone. Lewis' model consists of two Bernoulli beams joined by a compliant element capable of
sustaining shear and bending. On the basis of his results, Lewis concludes that the method may
have merit, even though wave propagation in living bone is known to be more complex than
that in the model he considered. On the other hand, Sonstegard and Matthews [4] have found
from invasive clinical tests that the healing of fractured bone has significant effects upon the
propagation of transverse-impact-generated waves through the fractured region. They conclude
that the method definitely has clinical applicability and suggest that a more thorough under­
standing of the types of wave they monitored would be desirable.

The present study seeks to shed more light on the subject by analyzing an alternative
mechanical model of a fractured bone. As in Lewis' model[3], a fractured bone is treated as
two elastic bars; however, the effects of rotatory inertia, transverse shear, and longitudinal
momentum are included, and a rational procedure for determining the compliance of the
cracked region is introduced. Previous experience with a related problem [5] indicates the
possible suitability of one-dimensional theories of wave propagation in the current study.
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It is recognized at the outset that the correct modeling of bone behavior is an extremely
difficult, if not impossible, task. Actual bones are inhomogeneous, nonuniform, and anelastic,
and are surrounded by soft tissue having a complex mechanical behavior. Characterization of
the healing process is also a subject of concern, depending upon the type of fracture. For
complete fractures, Lewis' compliance model is probably more realistic than the one considered
here. The overall modeling proposed in this paper serves only to determine whether or not the
potential clinical application of the method for partial fractures has some rational basis in
mechanics.

It is hoped that the results reported here will find application in flaw detection methods other
than the particular biomechanical one which served to motivate the work.

2. WAVE PROPAGATION THEORIES

In this paper, a cracked bone is modeled as two straight, collinear, uniform, isotropic, linear
elastic rods joined at a common interface. The normalized axial coordinate is designated by s,
and the interface is located at s = S2, as illustrated in Fig. I(a). Within each of the rods, a
combination of elementary one-dimensional longitudinal waves and one-dimensional
Timoshenko-type waves is assumed to exist. If it were not for the interface, there would be no
interaction at all between the longitudinal waves and the bending waves. A coupling of the two
types of wave occurs at the interface.
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Fig. I. Nomenclature. All quantities are dimensional as indicated.

Throughout the paper, nondimensionalized variables are employed. In connection with wave
propagation, the axial coordinate s, the axial displacement u and the transverse displacement v
are normalized with respect to the rod diameter (or thickness) h; the axial and transverse forces
P and Q, respectively, are normalized with respect to Eh 2

, where E is Young's modulus for the
rod material; the bending moment M is divided by Eh 3

; the cross-sectional area A and the
moment of inertia I are divided by h2 and by h4

, respectively; and time t is normalized with
respect to h/co, where Co is the "bar velocity" (Elp)I/2, p being the mass density of the rod
material. Certain other variables are normalized with respect to the crack half-length, as
discussed in Section 3.

Longitudinal waves
The elementary theory for longitudinal waves is used. Since the pulses employed in the

experimental program are smooth and have dominant wavelengths of the order of several bar
diameters, use of the elementary theory is probably justified. In this theory, the equation of
motion may be written in the form

P" - AU,tt = 0, (2. I)

where a comma (,) denotes partial differentiation with respect to the subscripted variable. The
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generalized constitutive relation is the isotropic linear elastic relation

P - Au" = O.

143

(2.2)

Suitable differentiation and combination of (2.1) and (2.2) result in the classical wave equation
U,tt - u"s = 0, for which a solution is u = F(s - t), where F is any function; this fact will be
useful in the determination of the actual boundary condition imposed experimentally at s = o.

Transverse bending waves
The Timoshenko theory[6] governing the transverse motion of the rod is also employed.

According to this theory, the relevant equations of motion are

and

Q" - AV,tt = 0

M" - IcP,tt = 0,

(2.3)

(2.4)

where cP is the total rotation of a cross-section originally perpendicular to the rod axis, as
illustrated in Fig. l(b). The associated generalized constitutive relations are

(2.5)

and

(2.6)

where K
2 is the shear correction factor and G is the shear modulus of the rod material. In this

work, a square cross-section was employed, and the value for K
2 was taken to be '77

2/12[7].
It is well known that eqns (2.3)-(2.6) may be suitably differentiated and combined into a pair

of coupled second-order equations relating the displacement v and the rotation cP [8]. For
continuous wavetrains, two frequency-dependent wavespeeds are found to exist.

It will be seen that there is no coupling between the pair of eqns (2.1), (2.2) and the set of
eqns (2.3)-(2.6), i.e. longitudinal-type disturbances and bending-type disturbances propagate
independently of each other in a straight rod. The same is not true in the case of naturally
curved rods, but even for curved rods, a Timoshenko-type theory [9] that introduces no new
dependent variables has been shown to describe well the propagation of mechanical pulses [10].
Thus, with only a moderate increase in the complexity of the governing equations, the
restriction that the bar be straight could be removed.

3. INTERFACE MODELING

Attention is now focused on the interface containing the partial transverse crack. In keeping
with the one-dimensional nature of the wave propagation theories being used, a one-dimen­
sional "compliance" of the cracked region is sought. A two-step procedure is used to develop
the necessary "compliance" terms: first, a solution is obtained to the static two-dimensional
elasticity problem of a perpendicular edge crack in an infinitely long strip of finite width,
subjected to known boundary conditions at infinity; then, the two-dimensional crack opening
displacement distribution is "averaged" in a manner consistent with the one-dimensional
theories of wave propagation. The result is a set of algebraic equations relating jumps in the
one-dimensional displacements to the generalized forces acting at the interface.

Two-dimensional solution for an edge crack in an infinite strip
Consider the problem of an infinitely long strip of width h and thickness w, contammg a

perpendicular edge crack of length 2a. Let the x and y coordinates for the strip be normalized
with respect to the half-crack length a, as illustrated in Fig. l(c). In the following analysis, the
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u' and v' displacement components along the x and y axes, respectively, have also been
normalized with respect to the half-crack length a.

The solution of the two-dimensional elasticity problem for the strip with stress-free lateral
sides, nn and mm in Fig. I(c), can be determined with the application of Fourier sine and cosine
transforms; see [II]. The solution is composed of solutions to two intermediate problems. The
solution to the first intermediate problem is determined for the boundary tractions at infinity on
a strip which does not contain a crack. Usually, the first problem has a trivial solution, as in the
case of uniaxial tension or of pure bending. The solution for the second intermediate problem
(for which Fourier transforms are used) is determined for nonzero tractions specified only on
the crack surfaces. The stress components for the tractions in the second problem are the
negative of the stress components calculated from the first problem at the points where the
crack would exist. With the principle of superposition, the solution of the original problem is
the sum of the solutions to the intermediate problems.

In the present investigation, the crack-opening displacement distribution which is needed for
the one-dimensional wave propagation model is obtained directly from the second intermediate
problem. After application of the Fourier transforms and their inverse transforms, the
derivative with respect to x of the displacement normal to the crack surface can be related
directly to the traction on the crack surface by an integral of the following form:

I - /I *f+I av'(~,o+) ( I )G _I a~ ~_x+H(~,x) d~=n(x),lxl<l, (3.1)

where /I and G are Poisson's ratio and shear modulus, respectively, of the strip material, the
asterisk (*) indicates the Cauchy principal value of the integral, H(~, x) is a kernel function
which contains both the geometric and the boundary condition information on the sides of the
strip, and n(x) is the stress normal to the crack surface. Equation (3.1) is regarded as a
preliminary result and consequently the expression for H(~, x) will not be presented.

Applying the Cauchy principal value operator

*f+1 (...) d~
_I X (

(3.2)

to both sides of (3.1) leads to a convenient expression for the numerical evaluation of the
derivative of the normal displacement:

where

I f+1 !(~)
!(x)+; _I V(l_~2)[K(~,x;O)+(~,x;hl)-L(~,x;hl)]d~-C=-N(x),

I *f+I v(I (2)
N(x)=- n(t) - d(,lxl<l,

1T _I (-x

h'=h/a>2,

C = unknown constant,

(3.3)

(3.4)

(3.5)

and K(~, x; (3) (where (3 is either 0 or h') and L(~, x; h') are kernel functions which are discussed
next.

The first kernel function in (3.3) gives the solution for a half-plane with a perpendicular edge
crack at the stress-free boundary, i.e. boundary nn in Fig. I(c). Similarly, the second kernel
function in (3.3) is associated with a half-plane which has a stress-free boundary a distance h
away from the crack tip at x = I, i.e. boundary mm in Fig. I(c). The third kernel in (3.3)
accounts for the tractions created by the first kernel on boundary mm and the tractions created
by the second kernel on boundary nn. Thus, the condition that each side of the strip is
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stress-free is contained in the sum of the kernel functions. Explicit expressions for the kernel
functions are:

K(~, x; f3) = 1- Y(PIPZ) - 2((1- f3 _~) ~)2 (Y(P1PZ)),
P3 a~ P3

where

PI = 1- 2f3 - ~,

PZ = 3- 2f3 - ~,

P3 = 2- 2f3 - ~ - x,

and

L(~,x;h')= -Xf K(~,t,1/;h')d1/

1 f+1 y(1- t2){(OO - - }+;- _I t - x Jo [K(~, t, 1/, h') - K(~, x, 1/; h')] d1/ dt,

where

(3.6)

K(~, x, 1/; h') = [([ - ~ +1/h' + 1/~ - 1/Hm'(2 - m' +41/ zh'z)( - 4+21/x - 21/)rnx - (4 +21/x - 21/)Px]

+[(1 +21/h')( 1/~ - 1/) +21/ zh'z] [m'(2 - m' (;B 41/ zh,z)mx+ (3 +21/x - 21/ )Px]

+ [~- 1/~ - 1/] [m'( -4+ 21/x - 21/)rnx - m'(4(;B 21/x -21/)Px]

- (1/~ - 1/)m'[mx+ (3 +21/x - 21/)px]}m{

+m(1 - m') - 1/h' - 21/zh'(~ - 1)][( - 4+21/x - 21/ )mx - (4 +21/x - 21/ )Px]

+[(1- m' +21/h' + 41/2h'2)1/(~ -I) +21/W2
] [- mx - (3 +21/x - 21/)Px]}p{]

![p' + m' - 2- 41/ 2h'zJ,

With regard to the integrals in (3.6), it should be noted that K = 0(1) as 1/ ~ 0 and K =

o(exp ( - 2)) as 1/ ~ 00, and that the integrand of the integral over t is continuous and
differentiable at t = x. Various numerical integration procedures could be used to evaluate the
right-hand side of (3.6). However, Gaussian quadrature was used to evaluate f(x) in (3.3), and it
was convenient to apply the same procedure to compute the right-hand side of (3.6). Com­
parison of selected numerical results for L(~, x; h') in (3.6) with the results from specialized
numerical procedures for the evaluation of the two types of integral in (3.6) yielded differences
in only the fourth significant digit of the results.

Before the application of the Gaussian quadrature method, the following change of variables
is made in (3.3): x is replaced by sin (7Tx!2) and ~ is replaced by sin (7T~!2). Also, the constant C
is determined by the additional requirement that the stresses be bounded at the point x = 1,
y = 0+. Since demanding bounded stresses at x = 1 is equivalent to setting f(1) = 0, it follows
from (3.3) that C must satisfy the equation

.; L~I Y(~(~~z) [K(~, 1; 0) + K(~, 1; h') - L(~, 1; h') - L(~, 1; h')] d~ - C = - N(l). (3.7)
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SUbstracting (3.7) from (3.3), and employing the change of variables just mentioned, one finds
that

f(sin¥x) +~L~l f(sin ¥~) [K(sin ¥~, sin ¥x; 0) - K(sin ¥~, 1; 0)

+K(sin ¥~, sin ¥x; hI) - K(sin ¥~, I; hI) - L(sin ¥~, sin ¥x, hI)

+ L(sin ¥~, 1; hI)] d~ = - N(sin ¥x) + N(l). (3.8)

Now let Xj and ~j(i = 1, ... ,M) denote the M Gaussian nodes in the interval ( - 1, 1). Then
the solution for f(x) in (3.8) is obtained from the linear set of equations

M

L fjAjK jj = - Nj + N(l)
i=1

(j = 1, ... ,M), (3.9)

where A j are the Gaussian weight factors,

fi = f( sin ¥ x}
Kij = I5 jj +~ [ K (sin ~ ~j, sin ~ Xj; 0) - K(sin ~ ~j, 1; 0)

+ K(sin ¥~j, sin ¥ Xj; hi) - K(sin ¥ ~i, 1; hI)

-L( sin ¥ ~j, sin ¥ Xj; hi) + L(sin ¥~i, 1; hI)l
N j = N(sin¥x),

15 .. = {1, i = j,
IJ 0, otherwise.

For the results used in this work, M was chosen to be 40.
After the values of fj are determined, the value of f(x) for any x can be found from (3.8). In

particular, f( -1) gives the value of the nondimensional stress intensity factor for the crack tip
at x = -1, y =O. As a check on the numerical procedure, values of the stress intensity factor for
various ratios of crack length to width, 2a/h, were compared with the results in[12]. The largest
percentage difference was less than 1% for 0::5 2a/h ::5 0.8 and was less than 6% at 2a/h = 0.9. It
is expected that more accurate numerical results could have been obtained for deep cracks (i.e.
2a/h ~n by additional algebraic manipUlation of the kernels in (3.8) in order to avoid the
determination of differences between large numbers in the numerical evaluation of Kjj in (3.9).

From (3.4), the nondimensional displacement normal to the crack surface is given by

I + _ 1- pIX f(~) d
v (x, 0 ) - G -I y(l- e) f (3.10)

The integral is evaluated by approximating f(x) with linear segments between the known values
of /;(i = 0, I, ... , M, M + 1), where fo = f(-I) and f M+I = f(l) = O. Then the integration of (3.10)
yields

- ([i+1 =~.)(Y(l-il+l)-Y(l-il»}, i = l'Oo.,M + 1,
XJ+I XI

(3.11)
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where ii = sin (7T/2)xj (i = I, ... , M), i o = -I, and i M + 1 = 1. Note that the physical displacement
is obtained by multiplying v' in (3.11) by a.

There are two traction conditions at infinity which are of interest in this problem. The first is
that of uniform tensile loading of magnitude (10, in which case

n(x)=-(10'

and N(x) becomes (from (3.5))

N(x) = +(10X.

The second is that of pure bending, where the maximum stress in the uncracked strip is (10.

Then

n(x) = -(10* [2X + (~- 2)]'
and the associated N(x) becomes

The integral eqn (3.8) is solved numerically by Gaussian quadrature for the two cases just
mentioned, and the resulting data for f(x) are then used in (3.11) to yield the crack opening
displacement distribution v'(x, 0+).

One-dimensional approximation
A typical result for the crack opening displacement is illustrated schematically in Fig. 2. It

will be seen that the two-dimensional solution provides more information about the deformation
of the cracked region than can be incorporated into the one-dimensional theories of wave
propagation being employed. For this reason, a least-squares linear-fit procedure is used to
determine an equivalent interface centerline separation [u(s/, t) - U(S2-, t)] and a relative
interface rotation [4>(s/, t) - 4>(S2-, t)] for the two generalized forces being considered in the
crack-opening analysis, namely the bending moment M and the axial force P. See Fig. 2. It is
assumed that the transverse displacement v and all generalized forces are continuous at s = S2,
and that the discontinuities in U and 4> are not functions of the transverse shear Q. The
least-squares procedure employs the Gaussian points for v'(x,O+) in the range -I < x < +I and
equally spaced (zero) values of v'(x,O) in the range -(h/a - 2) < x < -I, and yields time­
independent values for the compliances K up, K uM, Ktf>p, Ktf>M appearing in the relations

~ [U(S2+' t) - U(S2-, t)] = K uPP(S2, t) - KuMM(S2, t)

~ [4>(s/, t) - 4>(S2-, t)] = - Ktf>pP(S2, t) +Ktf>MM(S2' t).

(3.12)

It is found that the compliances are very strong functions of the relative crack depth 2a/h, as
illustrated in Fig. 3. Note that the "cross terms" K UM and Ktf>p appear to have almost equal
values. Actually, on the basis of a simple two-spring model of the interface, it can be shown
that the terms K UM and Ktf>p should have the same value, and in this respect the results in Fig. 3
appear to be reasonable.

4. NUMERICAL SOLUTION

Equations (2.1)-(2.6) governing the propagation of waves in each part of the bar, augmented
with relations (3.12) governing the jumps in bar displacement at the interface, are amenable to
solution by the method of characteristics. Although other methods of solution could be used,
the method of characteristics leads to a set of ordinary differential equations that are solved by



Linear fit

148 J. W. PHILLIPS et al.

I 4>+ /

~/
I /
I + /

----7--~
Beam Centerline l

/
/

/
I

Actual Displacement
of Interface

Fig. 2. Equivalent one-dimensional interface discontinuities.

1000I
~ 100~
'-' I

LL
LL
W
o
'-'

10
w
'-'
<J:
LL
('{

'",J
f­
Z

0.1 ~-------L. I _------l...--_

o 0.1 02 03 04 0.5 06 07 08 0.9 10

CRACK DEPTH / BEAM HEIGHT

Fig. 3. Variation of the interface coefficients with the crack-depth-to-bar-thickness parameter 2alh.

a marching procedure [9, 14] particularly appropriate in pulse-propagation studies of this type.
In addition, the interface conditions are easily treated by the method of characteristics.

Details of the solution of the Timoshenko beam equations by the method of characteristics
can be found in a paper by Plass[15] and consequently the relevant equations will only be
summarized here. It can be shown that there are two characteristic speeds associated with
Timoshenko waves, namely

Along the corresponding characteristics in st-space, the governing ordinary differential equa­
tions are

dM += A(glh)2 deb ± Q dt = 0 for dsldt = ± C"

and (4.1)
dQ ± C2A dv + A(K2GI E)eb dt = 0 for dsldt = ± C2.

In the first of (4.1), g denotes the radius of gyration of the cross-section. The characteristic
speed of longitudinal waves is also c" and the associated equations are

dP += A du = 0 for dsldt = ± CI. (4.2)
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Finite-difference representations of (4.1) and (4.2) lead to a marching procedure for
determining the six ~nknowns P, Q, M, Ii, v, ~ at regularly spaced points in st-space. The
procedure is initiated by prescribing the initial values of all variables for all s; in the present
analysis, these values are all zero. At the end s = 0, boundary conditions must be prescribed; in
this problem, the generalized forcesP, Q, M are given as functions of time. In keeping with the
experimental procedure described in the next section, Q(O, t) and M(O, t) are taken to be
identically zero, while (Po, t) is inferred from the recorded traces of strain gages mounted at
s = s\_

At a given instant at the interface, there are twelve unknowns, namely P, Q, M, Ii, v, ~ at
s := S2- and the same set of variables at s:= s/. However, there are three finite-difference
relations holding along right-running characteristics intersecting at the generic point (S2, t) and
three more along left-running characteristics intersecting at the same point; there are also four
continuity conditions, as mentioned previously, and finally the two jump conditions (3.12),
which complete the necessary twelve relations for this point.

As illustrated in Fig. l(a), the entire model has some dimensionless length S3. At the end
s := S3, free boundary conditions are imposed, i.e. P(S3, t):= 0, Q(S3,t) := 0, and M(S3, t):= 0 for
all t.

An incremental time step of 0.2 was used in generating the numerical results presented in
this paper.

5. EXPERIMENT

As a means of evaluating the foregoing theoretical model of a cracked bone, some
laboratory experiments were conducted with an aluminum bar containing a bandsawed edge
crack. The bar was struck longitudinally by a shorter length of similar stock, and strain gages
mounted on the bar between the impact face and the crack location monitored not only the
input pulse produced during impact, but also the pulses reflected from the crack interface and
from the far end of the bar.

The bar was of square cross-section, 25.4 mm on a side, and 2.13 m long. Metal-foil strain
gages with a gage length of 3 mm were bonded on opposite sides of the bar at a distance of
0.71 m from the impacted end, and the crack was introduced at a distance of 1.42 m from the
impacted end on the same side as gage 1, as illustrated schematically in Fig. l(a). Strikers of
various lengths were employed; all results given here are for a striker length of 0.38 m.
Eccentricity of loading was minimized by machining the impact face of the instrumented bar to
a slight convexity, and by supporting the striker and the bar in a series of carefully aligned
padded V-grooves. The striker was accelerated by hand through a distance of approximately
0.1 m.

Potentiometer strain gage circuits [13] employing 3000 n ballast resistors and a 67.5 V
(nominal) battery source were used to drive the 120 n strain gages, and the outputs were
AC-coupled to separate inputs of a Tektronix type 556 dual-beam oscilloscope with type lA7
plug-in units. A common time sweep of 0.1 ms/cm was triggered when the input pulse reached
the strain gage location.

Typical oscilloscope traces are shown in Fig. 4 for a crack-depth-to-bar-thickness ratio of
0.75. The upper and lower traces in the figure correspond to gages 1 and 2, respectively, and
positive signals indicate tensile strains. It will be seen that after the passage of the initial
compressive strain pulse, which is approximately 0.3 ms in duration, a rather complex reflection
pattern containing symmetric (longitudinal) and antisymmetric (bending) components is detec­
ted. Theoretically, for the given bar material and dimensions, the time required for a longitudinal
disturbance to propagate from the strain gage location (s = s\) to the crack interface
(s = S2) and back to the strain gage location is about 0.274 ms, and indeed the first reflections are
observed to arrive at approximately this time. The earliest corresponding time for a signal
reflected from the far end (s = S3) is about 0.547 ms. It also happens that 0.547 ms is the earliest
time that a crack-reflected pulse can reach the strain gage location after it has been reflected
from the impact face (s := 0). Consequently, the only pulse which can be observed in the time
interval between 0.274 ms and 0.547 ms after triggering is the one associated with the first
reflection from the crack interface.

With these details in mind, one can see from Fig. 4 that the pulse reflected from the crack
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Fig. 4. Typical strain gage responses for 2alh = 0.75. Common time sweep is 0.1 ms/cm. Zero levels of
strain coincide with two tic-marked horizontal grid lines.

interface has both longitudinal and bending components, with the longitudinal component
arriving first, as would be expected. For later times, the bending component of the crack­
reflected pulse and the tensile component of the far-end-reflected pulse apparently combine to
produce rather large strains.

6. RESULTS AND DISCUSSION

Oscilloscope traces have been obtained for crack-depth-to-bar-thickness ratios of 0.50,0.75
and 0.88; they have been reproduced in solid lines in Figs. 5-7, respectively. It was found that
the input strain pulse, as monitored by the strain gages at S = St. was fairly reproducible.
Consequently a "master" strain pulse shape €*(st. t) was tabulated and used to compute the
equivalent axial force loading during impact according to the relation

(6.1)

which follows from the dispersionless nature of elementary longitudinal waves. In (6.1), t is
measured from the moment of impact, and the relation ceases to be valid for t > 2s2 - SI since
reflections from the crack interface arrive at the monitoring station at t = 2s2 - SI. As long as
the input pulse duration is less than 2(S2 - SI), (6.1) will describe the entire pulse, and it suffices
to set P(O, t - SI) = 0 for all t outside the indicated time range.

The experimentally determined loading condition (6.1) was used as input to the numerical
solution of the equations arising from the theoretical bone model. Computed results for the
surface strains at S = SI for each of the crack depths mentioned above were then superimposed
in dashed curves on the respective figures.

An examination of Figs. 5-7 reveals that the theoretical predictions for surface strains at the
monitoring station are in general agreement with the experimental results. Of course, for (real)
time less than (2s 2 - s,)h/co, or about 0.410 ms in this case, the two results are supposed to
agree. For time greater than 0.410 ms, results will agree only if the the theoretical model of the
experimental bar is appropriate.

Particular attention is directed to the results in the time interval between 0.410 ms and
0.683 ms, the latter figure being the time, in this case, at which reflections from the free end
(s = S3) begin to affect the gage response at S = SI' It will be seen in Fig. 5 that the
crack-reflected pulses monitored in this time interval are rather weak. Since the results in Fig. 5
are for a moderately deep crack, it is probable that shallow cracks (i.e. those for which
2a/h <!i: 0.5) would not be detected. On the other hand, as the crack is made deeper, the
crack-reflected pulse is strengthened and becomes easily detectable. See Figs. 6 and 7. The
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limiting case of a complete fracture at s = S2 would be characterized by the reflection of a
purely longitudinal pulse identical to the input pulse (except for the sign).

7. CONC'LUSIONS

An effort has been made to model the effect of a single transverse edge crack on the
propagation of mechanical pulses in a bar. One-dimensional wave propagation theories were
used, with full recognition of the fact that the crack introduces a geometric discontinuity that
destroys locally the conditions favorable for the applicability of the one-dimensional theories.
Nevertheless, the theoretical predictions of reflected strain pulses for all the crack depths
considered agreed fairly well with the experimentally obtained strain gage records. It is
conceivable that some other model of the cracked region might prove to be equally effective for
the stated problem, but the compliance model developed in this paper is at least rigorous in the
sense that it is based upon the two-dimensional elasticity solution for an edge crack in a strip of
finite width.

The results indicate that the one-dimensional stress-wave detection of cracks is useful only
for finding serious cracks, i.e. cracks having a depth of (say) one-third the bar thickness, or
greater. Also, it has been assumed that the crack is opened sufficiently to prevent contact of the
adjacent crack faces during passage of the strain pulse.

With regard to the possible medical application of the method in bone healing diagnosis, it
can be said that the results of this work may contribute to the analysis of pulse-reflection
clinical tests on partially fractured bone. This statement is made cautiously since it is generally
recognized that there are many factors affecting the propagation of waves in living bone (3).
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